Abstract. In this paper we give necessary and sufficient conditions for
Introduction
Let H, K , L and I be complex Hilbert spaces and let B(H, K ) denote the set of all bounded linear operators from H to K . For a given A ∈ B(H, K ), the symbols N(A) and R(A) denote the null space and the range of operator A, respectively. The identity operator on H is denoted by I H . For an operator A, by A Recall that A ∈ B(H, K ) has a Moore-Penrose inverse if there exists an operator X ∈ B(K , H) such that
Moore-Penrose inverse of an operator A ∈ B(H, K ) exists if and only if A has a closed range and in this case it is unique and is denoted by A † . If for A ∈ B(H, K ) there exists a Moore-Penrose inverse, we say that A is regular operator. For A ∈ B(H, K ), let A{i, j, . . . , k} denote the set of all operators X ∈ B(K , H) which satisfy equations (i), ( j), ..., (k) from among equations (1)-(4) of (1) . In this case X is a {i, j, . . . , k}−inverse of A which we denote by A (i, j,...,k) .
and
In [2] authors considered necessary and sufficient conditions for B{1, 2} · A{1, 2} ⊆ (AB){1, 2} in the case of bounded linear operators on Hilbert space. We derived necessary and sufficient conditions for the inclusion C{1, 2} · B{1, 2} · A{1, 2} ⊆ (ABC){1, 2}.
Results
It is well-known that for A ∈ B(H, K ) and B ∈ B(L, H) regular,
and that sets of all {1, 3}-and {1, 4}-inverses of A are described by
Also, for A ∈ B(H, K ) and B ∈ B(L, H) regular,
and sets of all {1, 2, 3}-and {1, 2, 4}-inverses of A are described by
The following conditions are equivalent:
Suppose that (ii) holds. We need to prove that for arbitrary A
which is satisfied by (ii).
Similarly, if for any i ∈ {1, 2, ..., k}, we take that V i = F A i and that V j = 0, j i, by (6) we will get that A * AF A i = 0. Hence, (ii) holds.
In the following theorem we present the necessary and sufficient condition for
Suppose that (ii) holds. We need to prove that for arbitrary V ∈ B(K , H) there exist
i.e.
Hence, to show (i) we need to prove that the equation (7) is solvalable for any V ∈ B(K , H) which holds if and only if
Obviously, (8) is satisfied by (ii). 
Proof. For arbitrary matrix A ∈ B(H, K ) we have from (2) that B ∈ A{1, 4} ⇔ B * ∈ A * {1, 3} , so it follows that (A{1, 4}) * = A * {1, 3}. Now, condition (i) is equivalent to
which is from the Theorem 2.2 equivalent to
where
Since F A * = E A and F A * i = E A , it is easy to see that (9) is equivalent to (ii).
In an analogous way, necessary and sufficient condition for the opposite inclusion can be derived from the Theorem 2.1. 
Theorem 2.5. Let A i ∈ B(H, K ) be such that A i , i = 1, 2, . . . , k and A = A 1 + A 2 + ... + A k are regular operators.
The following conditions are equivalent: 
Proof. (ii) ⇒ (i) :
which is satisfied by (ii). 
Proof. For arbitrary matrix A ∈ B(H, K ) we have from (4) that B ∈ A{1, 2, 4} ⇔ B * ∈ A * {1, 2, 3} , so it follows that (A{1, 2, 4}) * = A * {1, 2, 3}. Now, condition (i) is equivalent to
, 3} which is from the Theorem 2.5 equivalent to Since for any X ∈ B(K , H), Z ∈ B(L, I), A
